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Abstract
Metric f(R) gravity theories behave like GR with cosmological con-
stant when f ′′(R) = 0, and like scalar-tensor theories elsewhere. I in-
vestigate the transition from f ′′(R) 6= 0 to f ′′(R) = 0, and show that
this theory may offer a way to explain Dark Energy and/or Dark Matter
without having to make use of the chameleon mechanism to agree with
solar system tests.
1 Introduction
There is a large literature attempting to use f(R) gravity to explain dark
energy and dark matter, as reviewed in [1][2]. The attempts to explain
dark energy made use of the chameleon mechanism [3] in order to agree
with solar system experiments (e.g. [4][5][6]), but this mechanism does not
appear to be satisfactory, in general. The chameleon mechanism applied
to metric f(R) gravity results in apparent fifth forces which are large,
and should be measurable in principle [7]. The strength of the chameleon
mechanism was, in part, that it came out simply from the theory, and
applied to a large class of f(R). If we have to add a lot of complexity to a
theory to make it work with experiments, we should grow very skeptical
of the theory. I will show that there is a rather simple replacement for the
chameleon mechanism, in the sense that it suppresses solar system effects
in f(R) gravity, and again applies to a broad class of forms for f(R).
This theory has also been applied in an attempt to describe dark mat-
ter (e.g.[8][9][10]). While it is easy to choose a form for f(R) that gives
its effective degree of freedom an equation of state like regular matter, it
is difficult in practice to choose a form for f(R) that agrees with experi-
mental results [2]. In particular, empirically fitting parameterized models
for f(R) to galaxy lensing data produces a fit that depends on the masses
of the galaxies [2][11]. I believe it might be worth looking at this work
again, given the results presented in this paper.
The key to the mechanism I am proposing is that f(R) gravity can
behave very differently in regions of different scalar curvature. In par-
ticular, when f(R) ∼ R, the theory behaves just like general relativity.
When f(R) is different from R, the theory effectively picks up an extra
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scalar degree of freedom. I will show this in detail in the following section.
The main point is that we can now construct a form for f(R) that agrees
with solar system experiments due to the fact that f(R) ∼ R in regions of
background curvature greater than or equal to that in the solar system,
and different from R outside the solar system. Doing this will result in
novel gravity wave reflection effects.
In the next section, I will outline how the scalar degree of freedom
can be added and removed. Then, I will go on to construct a toy f(R)
to illustrate that it is possible. I’ll then describe some new phenomena
implied by this mechanism, and conclude with a summary of these results
and their implications.
2 Scalar Degree of Freedom
There is an equivalence between scalar-tensor theory that applies when-
ever f ′′(R) 6= 0. When this condition is violated, the equivalence breaks
down. The reason for this becomes clear when we solve the equation
f ′′(R) = 0. The result, of course, is just f(R) = R + const.. Thus, the
theory reduces to GR with a cosmological constant, and we have no extra
scalar degree of freedom.
We can ask what happens when we do not quite reach f ′′(R) = 0, but
instead just come very close to it. Examining the dynamic equation for
scalar perturbations, we find that the mass increases like 1/f ′′(R). Thus,
the mass increases, and scalar mode production is strongly suppressed,
and the range of the scalar force is strongly suppressed.
We can consider, then, constructing a form for f(R) where for some
range of R values, we are very close to f ′′(R) = 0. This implies that in
any spatial region where the curvature falls into this range of values, the
modifications to GR are strongly suppressed.
To make the point more concrete, I will take a particular example
for f(R) with a well-defined point R0 where the theory changes from
GR to modified gravity. I will then introduce a physical scenario where
we look at the theory as we move in one direction through a gas with
slowly decreasing density. As this density decreases, so does the scalar
curvature in the region it occupies. Thus, we can see the behavior caused
by changing f(R) by moving through space.
3 Discontinuous Case
First, recall the Heaviside θ function, θ(x),
θ(x) = 1 x > 0
0 x ≤ 0
. (1)
I’ll review some basic manipulations, since we’ll go into some depth with
them. The graph of a displaced θ function, θ(R − R0) is shown in figure
3. If we reverse the sign, it reflects the function across R = R0, as shown
in figure 3.
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Figure 1: A θ function, θ(R).
Figure 2: A displaced θ function, θ(R−R0).
Figure 3: A reflected, displaced θ function, θ(R0 −R).
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Figure 4: The function f(R), where below R0 the theory is like GR. Above R0,
there is another scalar degree of freedom.
Figure 5: The function f(R), where above R0 the theory is like GR. Below R0,
there is another scalar degree of freedom.
For f(R), we will choose the function
f(R) = R+ θ(R−R0)(F(R)−R), (2)
whose graph is depicted in figure 3.
Examining the above function, we see R < R0 implies f(R) = R. Also,
R ≥ Ro implies f(R) = F(R). We have imposed a cutoff at Ro where our
theory abruptly changes from GR to modified gravity, and f ′′(R) = 0 for
R > Ro, but is left general otherwise. Before getting into details about
continuity and differentiability, lets say exactly what we mean by “acts like
GR (or modified gravity)” for certain values of R. We can reverse this and
put the modified gravity effects at higher curvatures, while keeping GR
at lower curvatures, by flipping the sign of the θ function. The resulting
f(R) is shown in figure 3
Let’s examine the field equations for metric f(R) gravity. We will
write them again here for convenience,
f ′(R)Rµν − 1
2
f(R)gµν − [∇µ∇ν − gµν] f ′(R) = κTµν . (3)
4
Figure 6: The function g(R), which is a smoothed displaced, reflected θ function,
whose transition is at R0.
When f(R) = R + const., these field equations reduce to GR with cos-
mological constant. This is the situation implied when f ′′(R) = 0. When
this constraint is met over some range of R, then the field equations are
effectively the GR field equations in that range of curvatures.
This point becomes more clear when we examine the trace equation,
f ′(R)R− 2f(R) + 3f ′(R) = κT, (4)
. and recall that when we make the equivalence with scalar-tensor theory,
this is the wave equation for the field φ = f ′(R). If we imagine that
these scalar waves are a perturbation to the background curvature, Rb
(i.e. that R = Rb + δR), then we can write f ′(R) ' f ′′(Rb)δR, and
it becomes clear that the constraint f ′′(R) = 0 being true in some range
of R implies that there are no dynamic scalar wave perturbations to that
range of background curvatures.
4 Continuous Case
Now, we can confront the issue of continuity and differentiability. Be-
cause of the Heaviside function used to switch between theories, we can get
ugly artifacts. In particular, if f(R) isn’t differentiable, we can’t include
f ′(R) in our field equations. We must have well-defined field equations,
so we need f(R) to be differentiable. I will now show that, as the reader
might expect, this problem is not fundamental to the choice f ′′(R) = 0,
but is simply an artifact of our use of the Heaviside function.
Let us use a somewhat more complicated function in place of the Heav-
iside function. We replace θ(R0 −R) with g(R), defined by
g(R) =
1
2
[
1− 2
pi
atan
(
R/R0 − 1

)]
(5)
, which is graphed in figure 4.
Notice that as x = (R/Ro − 1)/ → ∞, g(R) approaches 0. As x →
−∞, g(R) approaches 1. As  → 0, g(R) simply becomes the Heaviside
function, θ(Ro−R). We can use this to get rid of the discontinuity in our
5
Figure 7: The differentiable function, f(R).
choice of f(R), while still suppressing modifications to gravity in certain
ranges of R. Let’s examine the asymptotics for g(R).
First, we note the asymptotics for atan(x). For x → −∞, we find
atan(x) = −pi
2
+ 1
x
− 1
3x3
+ · · · . Similarly, as x → ∞ we find atan(x) =
pi
2
− 1
x
+ 1
3x3
− · · · . Plugging these in for g(R) for small and large x =
(R/Ro − 1)/, we find for large x,
g(x 1) = 
pi(R/Ro − 1) −
3
3pi(R/Ro − 1)3 + · · · (6)
and for x 1,
g(x −1) = 1− 
pi(R/Ro − 1) +
3
3pi(R/Ro − 1)3 − · · · (7)
.
Thus, as we increase the sharpness of our cutoff (smaller ), or get
farther from it, we approach the Heaviside case.
Going farther, we can see where the corrections to the field equations
come in. We can define a new, continuous f(R) with this new g(R), as
shown in figure 4. First, we calculate the large and small x asymptotics
of f(R),
f(x −1) = F(R)+(F(R)−R)
(
− 
pi(R/Ro − 1) +
3
3pi(R/Ro − 1)3 − · · ·
)
(8)
and
f(x 1) = R+ (F(R)−R)
(

pi(R/Ro − 1) −
3
3pi(R/Ro − 1)3 + · · ·
)
(9)
.
These are both corrections to the Heaviside version at the order 1/x
for |x|  1. Continuing, we calculate asymptotics for f ′(R) as
f ′(x −1) = F ′(R)+(F ′(R)−1)
(
− 
pi(R/Ro − 1) +
3
3pi(R/Ro − 1)3 − · · ·
)
(10)
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and
f ′(x 1) = 1− 
piRo
(
1
1 + x2
)
(F(R)−R)+
(
1
pix
− 1
3pix
)(F ′(R)− 1)+ · · ·
(11)
We can put all of this into our expression for the field equations, and
see that corrections come in at order 1/x. For example, we can examine
the trace equation. This will show us at what order the dynamics for δR
start to come in. Examining (11), we see that the wave operator term is
suppressed by at least 1/x. By increasing the sharpness of our cutoff, or
by moving sufficiently far from it, we can suppress this term to arbitrarily
small values. This effectively makes the mass of these perturbations too
large to ever hope to excite one.
5 New Phenomena Near f ′′(R) = 0
Something very interesting can happen when the scalar field theory
equivalent to f(R) gravity is examined near a region where f ′′(R) → 0.
I’m not aware of this having been written about before. In this re-
gion, it has been known that the mass of the scalar can be large, since
mφ ∝ (f ′′(R))−1. This has been examined before in the context of the
chameleon mechanism, where scalar effects are suppressed near massive
bodies. Consider a case where the scalar curvature is only slightly per-
turbed from its GR value, R = −κT + R1, and for low energies T is
approximately proportional to the energy density, T = −ρ. Now, con-
sider a form of f(R) where f ′′(R) ≥ 0 for R ≥ R0, but f ′′(R) < δ for
R < R0, for some small parameter δ, as depicted in figure 5. If we examine
some energy distribution ρ where R = κρ+R1 ≥ R0 in some sphere with
radius r < r0, and R = κρ + R1 < R0 for r ≥ r0, we see something very
interesting happening. Inside the sphere, the scalar mass is some value
away from 0. Outside, however, the scalar mass gets large very fast. In
this region, the scalar is not able to propagate, and we get reflection at the
boundary r = r0. We can see this clearly if we examine the perturbation
equations for the scalar degree of freedom ([12]),
R¨1 −∇2R1 − 2κϕ
′′′
ϕ′′
T˙ R˙1 +
2κϕ′′′
ϕ′′
∇T · ∇R1 (12)
+
1
3ϕ′′
(
1

− ϕ′
)
R1 = κT¨ − κ∇2T − κTϕ
′ + 2ϕ
3ϕ′′
.
Under the approximations
f ′(R) = 1 + ϕ′
f ′(R) = ϕ′′R
gµν = ηµν + hµν
R = −κT +R1,
7
Figure 8: The differentiable function, f(R), used to illustrate scalar wave effects.
As the scalar wave moves from a region of high curvature to a region of lower
curvature, it can be reflected at the boundary where R→ R0.
we find that the equations of motion for the scalar degree of freedom
simplify to
R¨1 −∇2R1 − 2κϕ
′′′
ϕ′′
T˙ R˙1 +
2κϕ′′′
ϕ′′
∇T · ∇R1
+
1
3ϕ′′
(
1

− ϕ′
)
R1 = κT¨ − κ∇2T − κTϕ
′ + 2ϕ
3ϕ′′
,
where ϕ and its derivatives are evaluated at R = −κT .
Since we’re really only interested in a region close to the boundary, we
can choose somewhere where T varies only very slightly. We will still get
very abrupt reflection effects. We can also choose to work with a static
background. This makes derivatives of T all vanish. To simplify to the
essence of the effect, let’s restrict to one dimension. This reduces our
equations of motion to a one-dimensional wave equation,
∂2R1
∂t2
− ∂
2R1
∂x2
+
1
3ϕ′′
(
1

− ϕ′
)
R1 = −κTϕ
′ + 2ϕ
3ϕ′′
(13)
Here we run into a (surmountable) issue. Naively looking for small
wave effects, and small changes from GR values puts us in an awkward
position when we expect large values. This is the case when we’re asking
what the background scalar field value is in a region of uniform density.
In such a region, the scalar curvature has a constant added to it due to
a contribution from the scalar field. This makes sense, as we know that
the scalar field will tend to a constant background value in the presence
of matter. Realizing this, we can modify the approach taken in [12] to
allow for this extra contribution from the scalar field. We can generalize
the equations (13) to
f ′(R) = 1 + ϕ′ (14)
f(R) = −κT +Rs +R1 + ϕ (15)
R = −κT +Rs +R1 (16)
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Here, Rs represents the static contribution to the Ricci curvature due
to the scalar field, and R1 will end up representing wave perturbations.
To find our value for Rs, we have to examine the equation of motion in
f(R) gravity representing the scalar degree of freedom. We will look at it
in the geometric form,
3f ′(R) + f ′(R)R− 2f(R) = κT. (17)
Plugging in our new perturbation scheme, we get
(1 + ϕ′)(−κT +Rs +R1)− 2(−κT +Rs +R1 + ϕ) = κT (18)
which simplifies to
ϕ′κT + 2ϕ =
(
ϕ′ − 1

)
Rs. (19)
We can divide through by −1/3ϕ′′ to put this in the much more useful
form,
− κTϕ
′ + 2ϕ
3ϕ′′
=
(
1

− f ′(R)
)
1
3ϕ′′
Rs (20)
Now it is probably apparent that this term will end up eliminating
the source term for our wave equation. If we apply the new perturbation
scheme to the original wave equation, we get
∂2R1
∂t2
− ∂
2R1
∂x2
+
1
3ϕ′′
(
1

− ϕ′
)
(Rs +R1) = −κTϕ
′ + 2ϕ
3ϕ′′
. (21)
Notice that the left hand side of this equation appears in (20). If we make
the substitution on the right hand side of (21), we end up cancelling off
all appearance of Rs, and eliminating the source term on the right hand
side of our wave equation. The final result is
∂2R1
∂t2
− ∂
2R1
∂x2
+
1
3ϕ′′
(
1

− ϕ′
)
R1 = 0, (22)
which is easy to solve numerically.
We can consider a wave moving from the left side of the transition
point, x < x0, toward the right. I use R1 = e
−(x−t)2 for this initial wave,
but this choice is arbitrary. We want a form for ρ near the boundary so
that when x > x0, κρ < R0. We also want to make sure R1 is much less
than the change in R over the domain we’re considering. We’ll denote
the domain boundaries by (xL, xR), so we require | R1κ(ρ(xL)−ρ(xR)) |  1.
Choosing ρ to decrease by about 5% from x = 0 to x = x0 gives ρ =
−0.1x/6 + 5.1.
We these definitions, we’re ready to choose a form for f(R). I’ll use
the analytic one in the motivation section. To choose a good function for
F(R) we have to be careful that the slope of F(R) at R0 is less than 1
in order to make sure the smoothed f(R) has f ′′(R) ≥ 0 as we approach
R0. This ensures that the scalar mass remains positive, and so also makes
sure that no instability arises as R→ R0. A form for F(R) that works is
F(R) = R0
1 + w
(
1 + w
(
R+ ε
R0 + ε
)2)
,
9
Figure 9: Effective mass for the scalar field. It gets large past x0, and the scalar
can’t propagate past this point.
Figure 10: A right-moving wave heads toward the boundary, near x0 = 10.
where the term ε = 0.04 is used to suppress the negative second derivative
of our function g(R), and keep the total second derivative of f(R) positive,
w = 100 just helps make the second derivative of the quadratic term
higher, to also help with this. With these definitions, we can work out
the effective mass term in equation (13), 1
3ϕ′′
(
1
−ϕ′
)
.
We choose to reverse the effective theta function, g(R), so that the ϕ
field is turned on at higher curvatures, and off at lower curvatures. Then,
our function f(R) looks essentially the same as figure 5.
This results in an effective mass that increases toward smaller R values,
as depicted in figure 5 , so as a scalar wave moves to the right, the mass
begins increasing, and we get partial reflection as we continue moving
right. When we reach the boundary where the mass gets very large, the
rest of the wave reflects. This is illustrated in figures 5 through 5.
Thus, we see that the waves can’t pass from a high curvature region
into a low curvature region. The same argument applies in reverse if we
reverse the theta function in f(R), and cause the scalar field to be active in
low curvature regions. The result is, in the first case, if a wave is produced
10
Figure 11: The wave gets partially deflected as it approaches the boundary.
Figure 12: The wave is deflected, and is now deformed and moving to the left.
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by a source in a high energy environment, then it cannot escape to a lower
energy environment. It is reflected by the boundary where f ′′(R) = 0.
I should note that I have not been rigorous in effectively treating f(R)
with a Taylor expansion in the above analysis. The function f(R), since it
uses the arctan(x) function, inherits a finite radius of convergence within
|x| < 1. Expanding around R = R0, we find the radius of convergence to
be R < R0(1 + ), or −R0 < R < R0(2 + ). The density ρ is such that
R0 stays well within these limits, but the perturbation I have chosen as an
illustration is too large. If I took into consideration how this perturbation
changed the background R0, then the Taylor expansion I have used would
be invalid.
6 Conclusions
Metric f(R) gravity is a simple generalization of general relativity and
a natural candidate for explaining dark energy and dark matter. It is not
motivated by first principles, but is instead a simple generalization of GR
that is useful for exploring other gravitational effects. It has appeared to
violate solar system constraints, but that is simply because it has been
investigated far from regions where f ′′(R) 6= 0. It was thought that these
regions are trivial, because the theory simply reduces to GR, but there are
very interesting wave effects at the boundaries of these regions. Further,
the simplicity of reducing the theory to GR in these regions makes it a
strong candidate for suppressing solar system effects of f(R) gravity.
I have shown that the effects of modifying gravity can, in principle, and
at a classical level, be suppressed for certain ranges of scalar curvatures.
I’ve demonstrated a simple means for constructing toy f(R) theories that
turn on and off modifications to GR in certain ranges of R. Before, the
chameleon mechanism was used to suppress solar system effects, with
unfortunate consequences for the equivalence principle. One can now, in
principle, devise an f(R) that agrees with solar system constraints, and
may still accounts for dark energy.
To be more concrete, we can imagine a scenario where the transition
scale Ro is somewhere in between the background curvature of the inter-
stellar medium and that of the intergalactic medium. Then, we can have
scalar gravitational waves propagating in the intergalactic medium, and
also explain the accelerated expansion of the universe without use of a
cosmological constant.
We can imagine other interesting scenarios. We can consider modifying
gravity at larger curvatures try to account for dark matter. We can have
a situation where the transition scale is at a curvature (or background
density) between that of the solar system and that of the interstellar
medium. Then, if we choose f(R) to have a matter equation of state
outside of the solar system, and to be like GR inside, we can potentially
account for dark matter while agreeing with solar system constraints on
gravity, all without having to make use of the chameleon mechanism.
A very interesting case would include two different transition scales.
We could have f(R) suppressed for R between solar system densities and
interstellar medium densities, then take on a matter equation of state
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between interstellar densities and outer galactic densities, and finally take
on a dark energy equation of state below galactic densities, in intergalactic
space. This would allow us to try to account for dark energy and dark
matter while still agreeing with solar system constraints, and with non-
trivial new wave effects at each of the boundaries.
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